We study the dynamics of a discrete-time tritrophic model which mimics the observed periodicity in the population cycles of the larch budmoth insect which causes widespread defoliation of larch forests at high altitudes periodically. Our model employs q-deformation of numbers to model the system comprising the budmoth, one or more parasitoid species, and larch trees. Incorporating climate parameters, we introduce additional parasitoid species and show that their introduction increases the periodicity of the budmoth cycles as observed experimentally. The presence of these additional species also produces other interesting dynamical effects such as periodic bursting and oscillation quenching via oscillation death, amplitude death, and partial oscillation death which are also seen in nature. We suggest that introducing additional parasitoid species provides an alternative explanation for the collapse of the nine year budmoth outbreak cycles observed in the Swiss Alps after 1981. A detailed exploration of the parameter space of the system is performed with movies of bifurcation diagrams which enable variation of two parameters at a time. Limit cycles emerge through a Neimark-Sacker bifurcation with respect to all parameters in all the five and higher dimensional models we have studied. Published by AIP Publishing.
Large scale, massive defoliation of larch forests at high altitudes due to infestation by the larch budmoth (LBM) insect has been occurring periodically for centuries in different parts of the world. This ecological phenomenon involves three trophic levels: the larch trees represented by their needle length, the budmoth larvae feeding upon the larch foliage, and a parasitoid population living off the budmoth larvae. Predicting the dynamics of such population systems with possible variations, extinctions, and interactions at multiple levels is a major challenge. We show here how the mere presence of additional parasitoid populations (having no direct mutual interactions) in the system can bring about drastic changes in the dynamics such as cessation of the cyclic outbreaks, or production of periodic population bursts. This also causes an increase in the time period of the budmoth cyclic outbreaks. Our model which also includes parameters to mimic environmental effects reproduces the 8-9 year cyclicity of budmoth outbreaks recorded over many years in the Swiss Alps, as well as variations from this recorded elsewhere. The populations survive extinction by increasing their numbers-a phenomenon termed the hydra effect, which is also exhibited by our model. Introduction of multiple parasitoid species makes the system more realistic, also providing a possible explanation of why periodic outbreaks of budmoth infestation have failed to recur in some parts of the world. Inclusion of environmental parameters makes our model's predictability higher and closer to what is observed in nature.
I. INTRODUCTION
The longest recorded time series of any population cycle is of the larch budmoth which periodically causes large-scale defoliation of larch trees at high altitudes. The budmoth population cycles have been documented by many (see for example, Refs. 1-6 and references therein). The time series that span a period of 1200 years has 123 outbreaks 1 which were deciphered via dendrochronological studies and direct observations conducted in the Swiss Alps. The dominant frequency of budmoth outbreaks here is 9 years which have occurred at altitudes of 1500-2000 m above sea level. 3 Similar studies in the Tatra mountains in Carpathian ranges in Slovakia do not reveal any cyclic outbreaks. 2, 3 Other parts of the world do have irregular cycles, low amplitude cycles, and some regions are devoid of larch budmoths implying a local extinction event. 3 In the Swiss Alps, the expected 9-year cyclic outbreak failed to occur in 1990; indeed, they have not recurred there so far after 1981, and this has been attributed in the literature to climate change due to global warming. 4 In an earlier work, 7 we were able to explain all the observations mentioned above including occurrences of and variations from the 9 year cycles and non-occurrences of cycles using a q-deformed tritrophic model incorporating climate parameters which we proposed. This formulation enabled us to capture the a)
Electronic mail: janaki05@gmail.com dynamics of this ecological system whose future state depends upon its history and past events. The discrete time tritrophic model we proposed had three populations: the larch tree represented by the plant quality index (PQI), the budmoth larvae which defoliate the larch, and a parasitoid population which live and feed upon budmoth larvae.
In this communication, we substantially extend the model of larch budmoth (LBM) population cycles by adding, in the tritrophic model, multiple species of parasitoids which do not have any direct interactions mutually and with the first parasitoid. This has, to our knowledge, not been explored before in the literature in any mathematical model of this system. We uncover that the periodic cycles of the budmoth population which arise have longer time periods than those with just one parasitoid species-a feature in agreement with experimental observations of the system with three species which was sprayed with a bacillus to control the budmoth larval population. 5 We show that addition of the second parasitoid species produces drastic changes in the dynamics of the system: its mere presence produces bursting oscillations of the budmoth population and the larch needle lengths, and partial or complete cessation of all oscillations. Further, the system admits interesting co-existing states such as periodic spiking behaviour with oscillation death or periodic bursting oscillations with oscillation death. We propose the introduction of the second parasitoid as an alternative mechanism for the cessation of periodic outbreaks seen in the Swiss Alps after 1981. We illustrate our results by movies of the time series and bifurcation diagrams.
In Section II we briefly outline the concept of q-deformations. In Section III we describe the existing framework and motivate the readers to move towards a q-deformed model (Section IV), followed by a discussion on various parameters that affect the system. We introduce a second parasitoid species into the system and show that this results in an increase in the time period of the budmoth cyclic outbreaks, as also observed experimentally. Some very interesting dynamical phenomena which result are also discussed. In Section V we briefly mention results we get when we extend the model to include 5 parasitoids in the system. Our study is useful as surveys and experimental observations have shown the existence of several parasitoid species hosted by a budmoth larva. In Section VI we perform a detailed exploration of the parameter space of our q-deformed tritrophic system with one parasitoid species. This is aided through movies of bifurcation diagrams which enable viewing the dynamics with respect to two parameters at a time. The model is generally robust under parametric perturbations, a feature which was not seen in previous (undeformed) models. The Routh-Hurwitz (RH) criterion is used to discuss the stability of the system, followed by numerical analysis.
II. q DEFORMATIONS
The concept of q-deformed analogues of numbers and functions dates back to Euler 8 and Heine 9 and these were developed further by Jackson.
10,11 q deformed functions and numbers are useful in explaining several experimental observations. Examples in the literature include the work in Refs. 12-20. q-deformation of numbers and functions may be motivated by considering the differential equation 1Àq ln q y. Thus, y ¼ e x q and x ¼ ln q y are generalized solutions and are respectively called the deformed exponential and deformed logarithm functions. As q ! 1, the original exponential and logarithm functions are recovered. q-exponentials were discussed in the context of anomalous diffusion which was shown to arise from type-III intermittent chaos in deterministic systems. 12 This work was the first to report asymptotically anomalous diffusion in chaotic systems. Expanding e x q in a Taylor series around x ¼ 0, a new deformation scheme for numbers was obtained 10 which was used by Tsallis 13
Here we make use of this deformation as it mimics some key ecological features, as explained in Section IV.
III. THE TRITROPHIC SYSTEM IN BRIEF
As their foliage is consumed by the budmoth, the larch trees show fluctuations in their biomass and nutritive content. The larch is therefore characterized by its quality or health using the plant quality index (PQI). This is an estimate of the nutritive content of the plant measured by the needle length L t at time t, longer needles being deemed healthier. Since larch needles average about 15 mm in length, the PQI is represented by a dimensionless quantity Q t
The budmoth population density N t is estimated by counting the number of larvae in a given mass of larch branches. The parasitoids P t which live on the budmoth larvae are not counted manually, but are assumed to be certain proportion of the budmoth hosts.
Observations and a large body of work in the past to understand the budmoth population cycles have led to the necessity of having all three trophic levels for the observed cyclicity in the system: the larch trees, the budmoths, and the parasitoids acting as a control on the budmoths. 4, 7, [21] [22] [23] [24] There are two tritrophic models extant in the literature, both due to Turchin-one in which the intrinsic growth rate for the budmoth is constant and the second one in which it is dynamically generated.
The model 22 having a constant intrinsic growth rate k for the budmoth, is described by the following equations:
Here, d denotes the half saturation constant for PQI, a is the parasitoid searching rate, b indicates the budmoth intraspecific competition, c the half saturation constant for the budmoth uptake, and b denotes the number of viable parasitoid offspring produced by an infested host (budmoth) per generation. w is the parasitoid wasting time and its value can vary from 0 (when there is no time gap between two encounters with its prey) to 1 (when it is unable to find its prey). The parameter a is the vulnerability of the plant to the attacks of the budmoth, the plant recovery being given by 1 À a. a can be related to the memory of the previous growth of the larch and therefore has a relation with the nutrient content in the plant biomass at the end of the previous infestation by the budmoths. The budmoth population dynamics is governed by a Ricker 26 like growth term and a Nicholson-Bailey 27 type term modelling its interaction with the parasitoid. The variation in the growth rate is captured by k multiplying a density dependent feeding that uses a Holling type-2 function. 28 This model was simulated using dimensionless scaling 29 and the parameter values from Turchin's work. 21, 29 Although 9 year cycles were generated, the model is not robust under small variations in the parameters. In Turchin's other model 21 where the budmoth intrinsic growth rate is dynamically generated, the equations for P t and Q t remain as before but the budmoth equation is different
where K is the carrying capacity of the budmoth and r 0 is the intrinsic growth rate at the first time step when the system just begins to evolve. The values of various parameters used in Ref. 21 are shown in Table I . This model also yields 9 year cycles as stated; 21 however, even a small variation of parameters within the error bars shown produce completely different periodicities.
IV. q-DEFORMED MODEL WITH TWO PARASITOIDS
The budmoth tritrophic ecological system is one which bears memory of previous year's growth. The growth of fresh larch needles, the nutrition present therein, and the population density of the infesting budmoths are related to each other in a rather complex manner. This is because the extent to which the larch foliage spreads depends upon the extent to which the trees have recovered from the infestation of the previous cycle of budmoths, which in turn depends upon the quality of larch needles and their availability then extant, as well as, additionally, the extent to which parasitoids have consumed budmoth larvae, etc. The probability of the system being in any given state is no longer the same for all states, since memory of the previously available resources of larch foliage, the previous plant quality index, the previous population densities of the budmoths as well as of the parasitoids all contribute to a current probability distribution; some probabilities are enhanced while others are suppressed. Hence, instead of considering this ecological system as a simple, ergodic one, it is much more apt to view it as a q-deformed system, in which, depending upon the value of q, probabilities of occurrences of events would be enhanced or suppressed.
We use q-deformed variables to describe the populations in the system. Since each organism may respond differently to stimuli, one can assume distinct values of deformation parameter q i for each species i. For simplicity, we make the choice: q x ¼ 1 for budmoth population density x, so that x q ¼ x. We introduce q-deformed variables 13 for the parasitoids and PQI for the following reasons. An assumption 30 usually made that the host density (budmoth larvae) is completely converted into parasitoid density just as in the Lotka-Volterra interaction [31] [32] [33] results in over-counting of the parasitoid numbers. The hyperbolic (Holling type-2) functional response avoids this overcounting. In our q-deformed model, the overcounting is avoided by taking q parasitoid 6 ¼ 1. In the PQI equation, there is a need for incorporating density dependence of removal of the larch needles. This may be seen as follows. The wasteful feeding by the budmoths results in a lot of damaged foliage which then evolve in time depending upon environmental conditions. For low PQI, budmoth feed on whatever foliage is available, whereas for large PQI, budmoth consumption first rises and then attains saturation-thus at any given time, the availability of PQI (including partially consumed or damaged needles) is density dependent. This biologically true feature of density dependent removal of foliage (which is absent in the other models in the literature) is captured in our models (see also Refs. 7 and 39) by q-deformation in the z variable, i.e., by taking q PQI 6 ¼ 1 in the PQI equation.
There are about 94 species of parasitoids which affect the larch budmoth. 24 It was reported after several surveys by that bacterial sprays sprayed on budmoth larvae had the effect of increasing the time taken to attain the peak of the periodic infestation outbreaks.
To study the effect of the presence of an additional parasitoid species in the model, we consider first a simple situation where there are 4 interacting species: the larch budmoth population density (represented by x), the larch tree (represented by the PQI z), and population densities y and v of two species of parasitoids. The populations y and v do not interact with each other, though they both feed on the budmoth larvae. The equations in dimensionless form for this fourdimensional system at time t are
The dimensionless variables x t ; y t ; z t are related to N t , P t , and Q t of Equations (3) and (4) through the transformations:
indicates the efficiency of the parasitoid in capturing its host among the available hosts. Thus, c indicates how well the parasitoid performs and how well its population density increases. The quantity m ¼ bc is a measure of the efficiency of the budmoth in devouring the larch needles. The parameter j decides which of the two parasitoids is stronger. When j ¼ 1 both parasitoids have the same virulence and fecundity. For j < 1 the parasitoid v is weaker, while for j > 1 parasitoid y is weaker than v. h and s are climate parameters which we had introduced in Ref. 7 to incorporate the effects of environment [34] [35] [36] [37] on the (3-dimensional) system having just one parasitoid species. It has been noted that favourable environments play a vital role during recovery of larch trees after an infestation. If environmental conditions are good, the larch trees recover; else they do not, and the resulting needles are shorter, bulkier, and less nutritious for the budmoth. s controls the rate at which foliage is removed.
The need for including environmental/climate effects which could alter the entire dynamics of ecosystems has been emphasized in the literature. 38 Our equation for the plant quality index contains three terms-the first term for the evolution of leaves that are not affected, the second term which governs the decay of PQI that is affected, and the last term represents the removal of PQI by the budmoth. Because of the introduction of climatic factors, our model which we proposed in Ref. 7 successfully explained the collapse of the budmoth cyclic outbreaks in the Swiss Alps after 1981 and allowed the system to also have longer periodicities as well as loss of cyclic behaviour.
In an earlier work 39 we had related q y to w:
Since l y varies from 0 to 1, q y can vary from 1 to 2. Similarly we had related q z to the budmoth intraspecific competition coefficient b:
bd . q z is also restricted to vary between 1 and 2. Our earlier model 39 was designed to bring in a density dependent removal of the larch needles through the term az q t x in place of their constant removal which is in Turchin's models. This corresponds to the situation s ¼ 1, h ¼ 0 of our later model in Ref. 7 .
That model 39 (without a factor for evolution of damaged leaves), however, is suited to situations where the devoured leaves do not sprout back. This can happen when the trees are destroyed beyond repair. This is seen in the French Alps, where human intervention (in the form of logging for timber, conversion of forest land to pastoral grounds, etc.) has resulted in a permanent destruction of larches. 6 In Turchin's model parameters such as w (related to q y in our model), d (related to q z in our model), m, c, a cannot change as they are species-specific. Only long term forces like evolution can change them. Thus the only parameter that is truly free to vary in that model is k. Our model in Equations (5)- (9) has 3 other free parameters: h, s, and j.
The stability of our 4-dimensional system is studied using the Routh-Hurwitz criterion. We discuss this in the Appendix; it is seen that both the single parasitoid system (j ¼ 0) and one with two parasitoids (j 6 ¼ 0) admit limit cycles in certain parameter regimes. The system with four interacting species presents very interesting behaviour: while in some regimes show cyclic behaviour, others exhibit periodic bursting behaviour. In certain domains there is both partial and complete amplitude death, or co-existence of bursting and oscillation death.
In all figures in this paper, we have used the following notation: LBM denoting the budmoth population density x, PQI standing for the plant quality index z, "Parasitoid 1" denoting y, "Parasitoid 2" denoting v, etc.
A. Oscillation quenching in the 4-dimensional system
Destruction of oscillations can occur via amplitude death or oscillation death. 40 Whereas in amplitude death cycles die and reach a steady (homogeneous) state, in the case of oscillation death the final state is inhomogeneous. In Ref. 40 situations were discussed where both amplitude and oscillation deaths occur due to a direct coupling between the oscillators, and the coupling strength plays a vital role in quenching the oscillations-all the interacting species underwent decay of oscillations. It was emphasized in Ref. 40 that co-existence of attractors (both limit cycles and steady states in its phase space) is required for oscillation death to occur.
In our 4-dimensional system with 2 parasitoids, there is no diffusive or direct coupling between the variables as in the situations discussed in Ref. 40 but rather, it occurs in the exponential, in the budmoth equation, through differences of the q-deformed variables y and v. The coupling parameter here is j, which compares the strengths or efficiencies of the two parasitoids in infesting the budmoths. Higher the value of j greater is the infesting ability of the second parasitoid.
Bursting behaviour is seen for the budmoth population and the PQI in several parameter regimes. For different values of j and other parameters, different kinds of interesting behaviours emerge.
Co-existence of attractors
The system is very sensitive to initial conditions as different initial conditions land it in different parts of the phase space. A representation of this is seen in Figs. 1 and 2 , where the evolution of the system is shown for three different initial conditions; co-existing solutions are clearly seen. This is also clearly demonstrated in the accompanying supplementary multimedia movie file showing co-existing solutions. It is seen in two of the solutions (see Fig. 1 ) that the presence of the second parasitoid destroys oscillations in the system.
Oscillation death and amplitude death
In Fig. 3 it is seen that all the four species oscillate for sometime before experiencing complete death of oscillations. In particular, the budmoth population and PQI shows bursting behaviour. For the parameters used in Fig. 4 , all four species oscillate when 0:56 < j < 1:84. However, for j 0:56 and j ! 1:84 one of the parasitoids is completely wiped out: the mere presence of one parasitoid drives the other to extinction. The introduction of a second virulent parasitoid causes more casualty of the host. Due to the increase in loss of the host, the first parasitoid gradually diminishes in number and becomes extinct, while the second one is able to survive on low host numbers. It should also be noted that the fecundity of the virulent host is higher, as c is proportional to the number of surviving parasitoids that are produced. This is also seen in the bifurcation diagram of the budmoth density with respect to j (Fig. 5) . One can see domains of 
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Although both parasitoids do not mutually interact directly, one of them pushes the other out. This is manifested as partial amplitude death in our system.
3. Co-existence of periodic oscillations and amplitude death for j 5 1
When the virulence of the parasitoids is comparable, i.e., when j ¼ 1, we interestingly get a situation of co-existence. While most of the initial conditions lead to oscillation death of the PQI and budmoth population, and amplitude death of both parasitoid populations, a smaller percentage of the initial conditions produce periodic bursting in the budmoth population and PQI, and mutually completely synchronized periodic oscillations in both the parasitoids (Fig. 6 ). This is extremely interesting as this provides a possible explanation for the cessation and non-recurrence of the regular 9 year periodic budmoth outbreaks in the Swiss Alps after 1981 for the first time after 1200 years.
1 Also, the variations in the periodicity of the outbreaks seen in the French Alps 6 and the historical absence of cycles in the Carpathian Tatra mountains could be attributed to the presence of a second parasitoid species in the system. Figures 7 and 8 illustrate the co-existence of spiking and bursting solutions, respectively, with fixed point solutionsvery small variations in j change normal periodic behaviour to periodic bursting. From Fig. 8 it is seen that as the budmoth population rises the PQI falls and vice versa, and when the budmoth population oscillates about the fixed point solution, so does the PQI. The population densities of the parasitoids begin to peak when the budmoth population is at its maximum and fall when the budmoth population is nearly zero-the oscillations of the four species show synchronized behaviour, and as previously stated, bursting oscillations occur only for some range of j values. All these observations are clearly seen in the supplementary multimedia video file linked to Fig. 2 . An important point to bear in mind is that a defoliation event would be expected to result in a considerable variation in the needle lengths. This is also consistent with observations as cyclic defoliation leads to cyclic browning of larch forests. However, the PQI in Turchin's (scaled) models does not show much variation although it exhibits cycles. Moreover, it always maintains a very high value which is unrealistic because actual observations show a large variation. Those models do not produce small needle lengths characterizing heavy defoliations. Our q-deformed model mimics actual observations and produces significant variations in needle lengths. A comparison of the variation in PQI obtained from Turchin's model and that from our q-deformed model is given in Fig. 9 (note the different scales on the y-axis).
Effect of the second parasitoid on the time period
Due to the presence of the second parasitoid, the time period of the system increases as depicted in Fig. 10 . This is understandable as the budmoth is now additionally under attack by the second parasitoid species, so that it takes longer to recover its peak value of population density. This is in agreement with results of experiments 5 where a bacillus (corresponding to parasitoid 2) was sprayed over the budmoth resulting in an increase of the time period of the budmoth outbreak.
We therefore propose that changes (increases) in the time period of recurrence of budmoth outbreaks observed at different times in different parts of the world could also be due to the presence of a second parasitoid species infesting the larch budmoths.
V. GENERALIZATION TO 5 PARASITOID SPECIES (7-d SYSTEM)
As mentioned in Section IV, it has been reported in Ref.
25 that a budmoth in the Upper Engadine area of the Swiss Alps is known to host an average of 5.4 parasitoid species in a year. It is therefore interesting to know the dynamics which our q-deformed model exhibits when say, five parasitoid species are present at a given time on a budmoth. We repeated the simulations of our model (Eqs. (5)- (9)) for 5 parasitoids. Introducing each new parasitoid species brings in 2 parameters: j i , and q i the parasitoid wasting time (i ¼ 1; 2; 3; 4 denoting the additional parasitoid species p; u; v; w respectively). Adding a 5th parasitoid species produces cycles for certain values of initial conditions. However if the initial conditions are such that any one parasitoid species has a large number density, the system undergoes an oscillation death for the budmoth and PQI while all the parasitoid Three closely spaced attractors can be seen-the green one corresponds to spiking behaviour, the blue one corresponds to bursting behaviour, and the third attractor is a stable fixed point shown in red. This was originally plotted using 2000 initial conditions. However, for the sake of visual clarity only 100 initial conditions are shown here; (b) c ¼ 2.25. Here 5 closely lying attractors are seen (coloured in green, grey, magenta, light-blue, and mauve). The system was run for 10 000 iterations and the last 1000 points were used to generate the plot. 1000 random initial conditions were used.
populations undergo an amplitude death. The system is highly parameter dependent and shows a variety of dynamical behaviour. Shown in Figures 11 and 12 are some representative time series.
For the simulations we have given all the parasitoids the same value for the wasting time; this still leaves four values of j i which must be adjusted along with the initial conditions to have a specific behaviour. In our simulations we have checked 500 random initial conditions that give rise to cyclic behaviour. Fig. 11(d) shows an interesting bursting behaviour with alternate 2-spike and 3-spike bursting. In certain other parameter domains irregular bursts are generated (not shown). One needs to exhaustively explore the parameter space to know of all the dynamical possibilities as ecological systems involve a multitude of complex interactions. We see sensitive dependence to initial conditions. Stable cycles exist for certain values of the initial conditions, while certain initial conditions lead to some parasitoids being wiped out. In certain parameter domains, all species co-exist and exhibit cycles (Fig. 12) . For bursting to occur in the budmoth and PQI, we observe that at least 2 parasitoid species have to coexist for the larch budmoth system. A 3-dimensional projection of the attractor for the 7-dimensional system (5 parasitoids) is plotted in Fig. 13 for 2 different values of c. Fig.  13(a) (for c ¼ 12) shows that spiking and bursting dynamics belong to different basins of attraction. Different initial conditions belonging to the different basins of attraction go to different attractors-one for spiking behaviour, one for bursting dynamics, and the third is a fixed point-and this illustrates the non-ergodicity of the larch budmoth system. Introduction of each new species brings in more complexity. Fig. 13(b) shows existence of multiple (five) attractors for a lower c value (c ¼ 2.25) for this 7-dimensional system. The consequent expansion of the parameter space implies that now there is more stringency in the choice of the parameter values for reproducing the same dynamics that occurred for the lower dimensional case. Cycles that occurred so easily in our three dimensional system (with 1 parasitoid species) become more and more rare with the same parameter set as we add more and more species.
VI. THE SPECIAL CASE j 5 0 (3-d SYSTEM)
A. Neimark-Sacker bifurcation Numerical simulations confirm the creation of limit cycles via a Neimark-Sacker bifurcation. As the parameter c or k is varied, the stable fixed point becomes a stable spiral which loses its stability and a limit cycle is born surrounding it. These stable limit cycles manifest as population cycles. We see from the time series and the bifurcation diagrams that there is synchrony between the three interacting species. Fig. 14 shows a Neimark-Sacker bifurcation with respect to parameter k. The inset (c) in Fig. 14 exhibits the stable fixed points turning into stable spirals as k increases. Stable limit cycles are born for k increasing beyond 1.9; further increase in its value results in the creation of limit cycles with larger amplitudes. Fig. 15 similarly demonstrates the formation of limit cycles as c is varied; the topmost image shows limit cycles for the 3-dimensional system with one parasitoid species (j ¼ 0), the middle one for the situation j ¼ 1 when both parasitoids have identical virulence and fecundity, while the bottom plot shows limit cycles for j ¼ 1:95.
B. Bifurcation diagram videos with 2 varying parameters
We generated bifurcation diagrams for the system when two parameters say (i, j), ði; j ¼ h; s; a; k; c; m; q y ; q z Þ vary simultaneously, in the form of videos (see supplementary multimedia files).
As the parameter i is varied, the bifurcation diagram with respect to different values of j are calculated and stored. As the movie is played, each frame corresponds to a different i having a bifurcation diagram with respect to j. There are 8 parameters in the system; hence, taking two at a time results in 56 combinations. The results of these bifurcation videos are shown in Table III. Table II provides a guide for  reading Table III . It is seen that a Neimark-Sacker bifurcation occurs with respect to all parameters.
C. Chaotic bubbles and multistability
There is an intriguing presence of bubbles, including chaotic bubbles, in the bifurcation diagrams with respect to all the parameters in the system except c, q y , and m. As bubbles are indicative of the hydra effect, a seemingly paradoxical phenomenon involving an increase in the population size of a species in response to an increased mortality rate, 41 our study indicates that several routes exist in our complex tritrophic system by which extinction of any of the three species may be avoided. This is particularly visible for variation with respect to a. When the plant recovery rate 1 À a decreases with increasing a, the plant quality degrades slowly with increasing budmoth infestation, so that one expects complete destruction of the larch plant. However, the larch species does not actually die out, but rather springs back to life. The first instantaneous response to extreme stress on populations would be an increased growth rate. Increased stress/constraints on the system can induce more nonlinearities and variability in the time series than that in a system in the absence of constraints (such as infestation by a predator/parasite). 42 In our model, the parameters a; q z , k, h, and s, all affect the populations rapidly and therefore any variations in these could result in a situation reminiscent of the hydra effect. Fig. 16(a) shows the presence of several chaotic bubbles for 0:358 < h < 0:716 which are created in the periodic window around a ¼ 0:5. Another interesting feature of the system is the occurrence of multistable states in different domains of the parameter space. Fig. 16 (right) shows the simultaneous presence of seven stable limit cycles between which the system hops at c ¼ 7 and q z ¼ 1:99 (when the budmoth intraspecific competition is very high). The simultaneous existence of 7 stable limit cycles shows the various possibilities for the system of being in stable periodic states for a given parameter set. In Fig. 17 these limit cycles can be seen more clearly.
D. Influence of different parameters on the time period
Since the system is highly nonlinear, it is quite difficult to pinpoint accurately how the time period is affected. Keeping 7 parameters constant, the remaining one is varied and its effect on the time period is noted. In Fig. 18 , we have plotted the trends obtained for the time period of budmoth outbreaks with a change in the parameters, generated by picking the frequency corresponding to the maximum power in the fast Fourier transform of the time series. (i) Numerically, we find that as k increases, the time period decreases. This is understandable since the population increases faster with increasing growth rate, depleting the resources more rapidly which consequently causes a decline in the budmoth population resulting in smaller cycles. (ii) Similarly increasing h results in a good growth of larch foliage which leads to an improvement in the budmoth population followed by a quick depletion of available food again leading to its population decline, resulting in smaller cycles. reach its peak value, thus increasing the time period. (vi) As the plant vulnerability a increases, the larch needles are quickly depleted due to heavy infestation. This results in the larch foliage taking longer to re-grow which makes the cycles longer and more difficult to attain if a takes very high values. (vii) As q y related to the parasitoid wasting time increases, the budmoth numbers increase. This depletes larch foliage and the consequent reduction in available food brings down the budmoth population resulting in smaller cycles. (viii) There is not much change in the time period with respect to q z . From the figures it is also clear that the 9 year cycles stay despite perturbations on the parameters. Thus our model is robust to small variations in the parameters, producing cycles of nearly the same periodicity which is also what is observed in nature. This may be contrasted with earlier models extant in the literature [21] [22] [23] where even a small change would give rise to a completely different time period.
VII. CONCLUSIONS
We have analysed here four and higher dimensional systems with two or more parasitoids. They display interesting behaviours, such as bursting, partial oscillation death, complete oscillation death, and co-existence of solutions in the dynamics of the larch budmoth. The system shows bursting behaviour for a certain parameter domain when two or more parasitoid species are present. The parameters h and s introduced in our model track the changes in the environment due to global warming, use of pesticides, etc. Both terms regulate the dynamics and are required to correctly reproduce the relative frequencies of budmoth outbreaks as recorded in observational data. 7 The periodic cycles seen in this system are produced via a Neimark-Sacker bifurcation with respect to all parameters except q y with respect to which there is a reverse Neimark-Sacker bifurcation wherein a limit cycle loses its stability and becomes a stable fixed point after becoming a stable spiral. Thus changes in parameter values due to perturbations can move the system to a regime which does not support the Neimark-Sacker bifurcation, the absence of periodic behaviour implying that there are no population cycles in the region being studied.
Observations made for over 50 years and the reconstructed data from tree rings studies 1 show a dominant 8 to 9 year periodicity in the budmoth outbreaks in the Engadine region of the Swiss Alps which our model reproduces. Our model with one parasitoid shows periodic variation of all the three interacting species, which are mutually synchronized with a small constant phase lag, in accordance with observations. The bifurcation videos for the 3-species system, some of which we have made available in the supplementary multimedia files, show remarkable dynamics the system can generate. Some of the notable features are the creation and annihilation of fixed points at certain value of parameters, creation of chaotic regions via bubble formation, expansion or contraction of the attractor size via interior crises, and creation of satellites due to interior crises. The presence of bubbles, including chaotic bubbles indicates that the hydra effect, involving an increase in the population size of a species in response to an increased mortality rate-an important feature in population dynamics is prevalent in our model. This in turn indicates that several routes exist in our complex tritrophic system by which extinction of any of the species may be avoided.
Our model is also more robust than earlier models in the literature. Further our model can not only explain the observed collapse of the budmoth cyclic outbreaks in the Swiss Alps after 1981 but also account for the historical absence of cycles in the nearby Tatra mountains in the Carpathians. 7 Our system with four or more species produces cycles too. However the introduction of one or more parasitoid species to the 3-dimensional system causes the time periods of budmoth outbreak cycles to become longer. The simultaneous presence of more than one parasitoid in our model mimics a realistic situation because in nature the budmoth may be parasitized by 94 species of parasitoids. 24 Indeed, observations have recorded the presence of as many as 5.4 species of parasitoids on the average on a single budmoth in the Swiss Alps in a year. 25 Such a possibility of the presence of more than one parasitoid species in the budmoth system has, to our knowledge, never been studied before in a mathematical model in the literature. ACKNOWLEDGMENTS S.V.I. thanks CSIR (Center for Scientific and Industrial Research) New Delhi, India, for funding.
APPENDIX: LINEAR STABILITY ANALYSIS AND CONCLUSIONS FROM THE ROUTH ARRAY
The Jacobian of the system evaluated at the fixed points Since the system poses difficulty in solving analytically, we resort to numerical methods to find its stability. Some of these numerical results are shown in Table IV .
The condition c 4 ðc 2 c 3 À c 4 Þ À c 5 c 2 2 ¼ 0 ensures formation of a limit cycle 43, 44 and appearance of a pair of imaginary eigenvalues. The frequency x of this limit cycle is given by x 2 ¼ c 4 c 2 . For k ¼ 1, limit cycles do not form; the Routh-Hurwitz (RH) coefficients are all positive indicating that it is a stable fixed point. As we vary k to 8, the fixed point loses its stability, becoming an unstable spiral with a limit cycle being born around it. For k ¼ 8 one of the RH coefficients is negative which indicates the fixed point losing its stability. Similarly, we see that when one of the parasitoids does not exist (3-d system), RH coefficients of different signs arise for large values of k. 
